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EXPONENTIAL CALCULUS

IHTRODTUCTION

There are two fundamental tools in infinitesimal calculua
differentlation and integration .The first of them is
related to the slepes concept and the linear functicns.The
second one is related to the concept of arca,but aleso can be
thought of as & continucocus sum .

This article studie= two new tools and their properties .The
first of them is related te the concept of the base af an
exponential function .The scoond one can be thought of as a
continuous product .

The relation between the ordinary galculuse and the one
developed in the follewing pages ,is analyzed at the &nd of
this article ;besides ,the possibility of deaveloping new
tools simllar to thoee studied here, is analyzad .

BASE

In the same way that we can approximate a function near a
point a,with a linear function 1 fl{x)2 f{a)+L'(a). (x-a] ,we
can approximate it with an exponential  funchtion
#{x}=f(a) biX=2} The parameter that we have to adjust for
thie appreximation to be valid 1z the congtant b .This
conetant will ke called the kase of £ at a .{Later on we
will define what we understand as =2 valid approximation.)
If g were our approximation for the functicn £ near the
point & ,it would leook like this :

o

&

B — =

H

At the end of thig artlele we wilil give as an example a
description of the pshavior of two functions by using an
aexponential approximation .These functions are :the GAUSE
distributisn ,and tha gamma function .We will sae that for
these functions it is more natural ,an exponential
description than a linear descriptiaon



ERODUCTION

The concept of productlien may be assgimllated te a continuous
prouct in the same way that an integral may ke asimilated to
a centinuwous sum .But the production can't ke associated teo
gomething as zlmple a= the arez,therefore to intreoduce this
concept we will nesd an example

Suppose we have & bacteria population in a lab .We ses that
in a unit of time the population multiplies itself by a
humber £ that we will ecall reproduction coefficient

SEp if we have at the time t0 a population p{to0)=p0 ,and the
reproduction coefficient remains constant until tha time t1,

then we will have at t1 a population : p(til)=zpo.git2-t0)
,that iz ,the population will grow in an exponential way .
The reproductlon comfficient represants the base of the
exponential function that describes tha growth.

Suppose that the reproductlion coefficient depends on some
variables contrelled at the lak ,then £ is not conatant ,but
may depend on time .

If £ i= a stepped function of time [(as in the following

graphy)
Ll

then the population at the time t4 may ke calculated with
the following product :

p(ta)=po.[r1itl-t0} g3 (t2-tl) pa(td-t2) py(td-ta)y,
But if f waries 1nh a contihucus way ,we will have to

approximate £ with a stepped function & ,that takes the
valuas al,82,... at the different steps ,

=il



,and then cbtain an approximated values for the population at
the time t=b by calculating a product similar to the one we
have just seen :

pib) ~ pa_[glitl-tﬁl_gg{ta—tlli__35it5vt4}]

Thiz is only an approximated value ,but meanwhlle wa raducea
the length of the steps of our approximation for £ ,the
product approaches more and mora to the sxXact value .

The 1imlt that the product tends to , when the lsnght of the
steps tends to Zerc ,wlll be named :the production aof [
along [&,B] .(We will give a more rigorcus definition later
an. }



Definition 1

A function f:R =-> R is exponentiable at a point b ,1if f(b) « 0 , and there
exiat a real number L»0 and a real function u, continuouwa at b,such that :

E{x) n-k 17 (=1
1 —_ =1 ey 2. 18m g [x) = 1 :
fih) W=l
{x=k)
The function E{z) = X Will he called exponential of £ at b.Wa will use

the natetion : & = £ (k) ,and call this number :kase of £ at b.
Tha second condition assures us that p{x} tende to 1 at b ,faster than Efx} ,
bacavas 1/ fx=h)

lim E(x) =

k==hb
Thi= irplies that when % 1s close to b, the following approMimation is
valid: Fiiu)

= E(x) 1 ol E{x)} = Fih) F{x}
L{b)
We can calculate £7{k) with the following limit
£{x) |1/ (x-b)
£ (hy = lim |—
®==h{f{

@ can sea from the conditicon 1 ,that f ie egqual to the multiplication of
continuous functions at b = f{w) = f{b)-BEfx) u{x®) ,i.e. if a function is
evponentiakle at a point b,it i continuous there oo,

The folleowing thecrem gives us an alternative delinitlen of exponentiakility.

Theorem 1

The function f iz exponentiable at a,if and oniy if there exists the limit :
TE{x)] 1/ (x-a)

lim
w-=alf{a)

sand it is finite and nonzerso

Cemonstration o

13 If f ie exponentiable at a ,then there exist a mmber L=0 and a cantipuons
function p that meet the conditions 1 and 2z of the definition 1,then :
frx}];f{x-a: 1/ (x=a)

lim = Lim L uixd =
x=>a|f{a) K= A
2] If the enunciated limit exista and it is finite and nonzera ,then T must be
contirucus and nonzera at a,.and the limit must be equal to some positive
number L .Let's dafina the following functioch :
£ix)  ~(x-a)
oy i

pix} =
ria)
It is gasy to see that this funetion is continuous at a and it meets the first
cohdition of the definition 1.80 also it meets the second condition | because
1/ (x=a) rf(x}]lj(x—a] l-; =]

lim pfx) = 1lim = L X = 1
X-2R w-»a|f(a)




Tha naxt theorems will show us two irportant properties of the base .

Theorem 2
TSEST L T B

let £ be exponentiable at a,then g{xi= & fi{x) iz exponentiable at a ,and
B

g (a) =~ (£ {a))
(a0}

Cemonatration

f iz exponantiable at a  then £fa) # 0 ,and conditions 1 and 2 of the

definition 1 are satisfied by a number L0 and a contlnuow=s functian @, then

I3
o (X} o fix) B (=-a) B X-a
——— e = Y B S £
gla; 3
e £{a)
B &

{ &=L and &(x) ~ pi¥) )
l.e. the fonctlon g mests the conditlon 1.50 slze it mests scondition 2,
because ;
1/ (x=a) B {x-a)
lim o(x) = 1im uix) =
=23 K==a
B B
And we have ; g (=) =g =L = [f7{x)] .

1

D A

If £ and g are both exponentlable at a,thern (f-g) is exponantiabie 2t & ,and :

(£gy”ia) = £7(a) 9" (a)
Demonstration
The hypothesis tells ua there exiast L1 and 1 that meest the conditions 1 and

2 of ths dafinition 1 for the functien f .And there exiat L2 and u2 that
meat the same conditionas for the function g.Then i

{(f:g)(x) X=a K=& ¥-a
— = 11 W LX) pR (K] = X (3]
(£ g) (&)
O o= M1AZ L uix) = #ldx) u2i(x) ). And wa can see that :
1/ (x-a) 1/ (x=a}) 1f (x=a)
lim ix) = 1im @i (x) L2 (XY =
®—=a K-ma

i.a. (f-g) is exponentiable at a and :

{f-g)-(a) =% =Xi-22 = £ (a) g~ {a)




Theoremsz 2 and 31 show us that the bass 1= a limnesar transformation hasad an
the operations product and exponentiation .That is @

[ o E]“ a B
£{x) gixy | = £7{x) g {X]

Thie i= better explained at the end of this article .We will see now the
bahavier of the kbase of a function at the extreme points

Thaarem 4

et £ be a function defined in some neighborhood of o,lt has an extrame
proint at c,and is exponentiable at < ,then £7(c) = 1

Demonatratian

f ia ewponentiable at o ,then £{c) ¥ 0 and f iz continuou=s at c.Then there
efizts a neighborhood of o, for which f doesn't change =igm.
f has an extreme polint at o, this means f has an absolute extrerme point at
gome neighbarhood af e.
We choose a neighborhood of o A{e) for which theze two reguiremesnts are mot.
Ve will analyze four different cases separately :
case 1) £ has a maximum at ¢ and is positive in &ig).

Given I sush that o+h ¢ A{c) ,then £{c) = £{c + h) ,this means

fie + h)
—— L '
4 £{2) 2
[£{zc + h)|1/h [f{z + n)]1l/h
If h=0 _ £ 1 Thern 1im e < 1
| E{c} h-=0+}  £lo}
[£(c + h)]1/h [fie + h)]1/h
If hco ¢ | —0 o =1 Than lim —— =1
(o) | he==d=| £i{g} |

Bath limits must be Ehe same becauss £ 18 exponentiable at o hence £7 (a1,

case 2} f hae a minimum at c and i=s positive in A{z).
Given b such that c4h € Af{g) then Efc) = £z + k) ,thizs means

£{e + n}l1/h £{e + h}]1/h
1lim S 2 1 (and alseo lim e = 1
h=-»0+| (e} B=xd=|  F{o)

Argain ,both limlits must he the same ,hence T {gh=1.

Cases 1 and 4) f has a maximum or a minimum at ¢ ,and is negabtive in A{o)
Iat gi{x)={-1} £{w} .Then g has a maximuo ar a minimim at c,is pasitive in
Ale) ,is exponentiable at ¢ (thesrem 2] ,and g7 (c)}=F " (a2} .And we have fust
seen in cases 1) and 2) that g~ (c)~t

Thaarem 5

let £ be continuous im [a,b],exponentiaclie in (A,b) ,and £{a}) = £(b) # 0
Thanihkere exists a point © ¢ (a,Bn) such that £ora) = 1 .




Demonstratian

Becanse of £'s continuity in [a.b] ,it reachses maximum and minimam in that
interval .If the maximum is reached at o ¢ {a,b} then £ {c) = 1 ,because [ i=
exponentiable there .If the minimum is reached at ¢ € (a,b),again £5(c) =1 .
If the maximum and the minimum are reached at the points a and b ,then it

is evident that f is constant in [a,b] ,this means that for every point

¥ ¢ {a,b) we have : £ (g} ~ 1 . (It is wvery easy to show that the base of a
congtant egquals 1)

The next theorem iz very similar te the medium value theorem of the
differantial calculus
Thacram &

Let f be continuous in [a,b] ,exponentiable at (a,bh) ,and nonzeroc ak a and b.
Then there exiet=s a point ¢ € {a,b) such that :

[f{m]mb-aa
£f7{a} =
£{a)
Demonstration X = a

flal|lb - n
Let hix) = £(x)

£k

h equals the product of two exponentiable functions in (a,b) (because the
function which wmultiplies f iz an exponantial function),then thecrem 3 assures
ug that h i exponentiable in that interwal .Also,h is continucus in [a,b] ,
and hia) = hik}) = f{a] .Tharafnre theotein 5 telle there existz a point

z €& [a,b) such that h™ (2} = 1 .01 the other aide the basge of h at ¢ iz -

[f{a]}lf{h—a}
h™ (<} = L7 ()

(b}
[f{b}]lf{h—a}
£ e} = |—— ;
fia)]

At this point, you should have probably noticed that aur approach to the
subject iz wvery aimilar to that of an elementary calculus course .80 alsd ,tha
demonstrations should be wvery familiar (#).This suggests there exists 3 clase
ralation betwsen these tocls and the calculus we already know.

We will analyze this later on.

+*

hrnd this means :

Theorem 7

Let g be differentiakle at a ,and let f be exponentiable at g(a) ,then (fog)
ls exponentiable at a ,and :
) ) g'{a)
{fogy " (a) = {f og)(a}




Denonstration

g is differentible at a ,this means : « glxy—g{a) = & (x-a) + o(x)
o (x)
. lim

¥=3E X - A

= 0

Algo, bacansa of F being eavponentiable at g{a) we have :

Eiy) y=gi{a)
i — BV
figla))
: 1/ (y=gfa))
. 11m Ly =
{ § =g'fa) ¢ » = £"(g{a)) } y-»gla)

And because of g differsntiability at a we can replace y by gi(x)

figx)} gxi=gla) d (H=8) T [¥)
ket sl S -g{alx)) = X CRlg{xg )
flgia))
[ ﬁ]xma Tix) MR
= |k H(g{E)) = a  pix)
-|-—|.—-' b w —
o g{x]
Therefcre (fog) meets the first condition of the definition 1 ,and
: 1/ {x=a) Fi{x) fiu-a) L/ (x=a)
lim  @ix) = lim 1L wig(x))
W =23 :
- [ | == !
T 2 3 ] g'(a)
[HEEJ] [ i ”“mx} - qiaj}
X2 F(x)=g(a [ X - a :
= 1lim X ~1lim |u({gi(x)) i j = 'J.'lg {a]= 1
H=23 ot

Hence the gsecond conditien iz met teo | {fog! is exponentiahle at a .
Consaguantly g'fa) g'(a)
(fog) " fa) = o = L = £7(g(a)) = (£ og) (a)

Theorem &

, d
If f is exponentiable at a and g es differentiable en a ,then £ is

arxponentiable at a ,and :

[Ig]_{ﬂl = [fgl:l{a.“-'[l'f' !g}. (@)

Demonstration
r g] afa)
LE Jixy  £0x) g{x) =g (a)
b = f“‘::l
g gla)
£ jia) f(a)




f is exponentiable at a ,therefare :

o X-a Li{x-a)
e R ) ¢ lim pix =1 i & = £ {a)
fia) M=3
gla)y : [q:a}]" g{a)
20 also E{x) 1 exyponantiable at & and + | f fa) = £7 (&)
giaj
I{x) gia) (x=a) gial glay/ (x=a)
—_— =4 C iR ;oolim piw) =1
gia) H=ra
I{a)
» g iz differentiakle at a ;therefore GlE)
glx} ~ gfa) = B (x - a) + e(x) ;o ldm - = I i B o= g'fa)
X=>a X - a
. then
[f?]fxl [ g(a}- (x-a) g{ﬂll [ xX=a ]E-{H—BJ E (o]
e () 4 Lf(a)-8& (] -Eix)
g
[f ] (&) 2
[ g{a) B] {x-a) [ ra] (x-a) £ (X} 8 (x-a) gla)
= |4 -E{a) ar -fw) TR E -,'u:}:j_'
x-a TRl
=L mix}
1/ (x=a) [ ﬂ]fx—a] £ (%) jix=a) 3 aglalf(x-a)
lim o (%) = 1im [£& - Ei%) CEEE] - ) - ]
X=>2a T N S . . “
=>1 =>1 ==1 =1

[*]
vl £ i2 contimuoua and positive at a ,and (X)) /(x-a) ~= 0 .

=]
Therefore £ is exponentiakle at a ,and :

[ q] % [ g(a) ﬂ-] g(a) g*(a)
£ (@) =k = |5 -E(a) = £~ (a) S f (&)




The following are the bases of some common functions, the demonstration
iz very simple if a theorem that we will zze later iz applied
vy B~ i 4 B

£{x} -g(x) =g {x} -£°(x)

{a)° =1

catyg (x)
[sin(xX}}" = €

Mow, we will see an expeonential approximation for £(x) = 2/x ,close to
the point x0=1 :
-1/% =1
F i{x)= & A P F{x0)=2

=(x-1)
Therafore : [(x) = 2'g

|

=

Somatimes it is easier to find the extreme points of a function using the base
than using the derivative,for ewxample ,we will find the extreme points of the
functicn

H! -
Fix} = % -& in tha interwval ([0,=]

The basse af £ In thia interval ia: nfx =1 (nfx-1)
¥y =& e =g

Hence £7({x} = 1 at » = n ,this means »=n iz an extreme point for f
We wiil see another intresting example after seeing production and some others
propartles of tha bass .

AQ



Praduction

Let f be a definite, bounded and positive (d.b.p.) function in [a,b)]

Iet T be a partition of [a,b].The letter 5 will dencte the generic
subinterval of T.and L.(2) will dencte the length of &.

If I arnd I' arm partitions of [a,b),wa will say I' is finer than I,if each
subinterval 5 of I eguals the union of several subintervals S, of 1°.

We will need the following definitions

m (£} =min{ £(x] / X ¢ 8} M_(£) = max{ £{x} / ¥ € § ]

L&) L{5]
LiE, I} = l | (£ uE.I) = i | M, {T)

5
(We mlways choose the poaitive value of the exponentiation .

Theorem 1 : L{£f,I) = U{f,I)

We omit the demobstraticor of thi= theorem becacvee it 1z obwious |

Enrm 2
If I' is finesr tham I ,then L{f, Ty = L(£, X"y : Uf{E, Iy = U{£, I}
Demonstration : each subinterval 8 of T equals the union of some %, of I'
Therefore : L{8) = Z L:EH_} jeo ala2o ms[f} < mih::{fj
k

Therefrre : L{=) EL1S & ) Li{z |
n (€] = m_(£) % | I ™ {f] Sx < I I m (£) .

This is w-l@d for every 5 of I ,it follows from this : TL{f,I}) = Lie, X'
The seccnd inequality le demonstrated in an analogoua way .

Thaaram 3

For any pair of partition= of [a,bh] :T and I',we have
LIE,I) < U{E, X"
Demonstration : Let I" be finer than I and finer than I',then
L{f,I) = L{f,I") = U(£,I") = U(F,I")
We nesd to dafina the following seobs o
R(t,a,b) = { L{f,.I) / I 15 a partition of [a,b] }
T(f,a,b] = { U{f,1} / T i# a partition of la,b] }
Thearem 3 assures us that =upR(f a, b} .‘,-;. infT(f,a,hn)

{suph denctes the lowest upper bound for the set Arand infA denotes the
highest lower bound .)

44




Definivion

et §f be d.b.p. in [a,b].Then f is producible in la,b] If and anly 1ir :
supR(f,a,b}) = infT(f,a,k) .In this case we will denote this wvalue with :

T
[a,b]

b b T=
We can alse write t o g fFix)

a =

Tha following theorem is an alternative definition for producibility,that will
be very useful in several demonstrations.

Theorem 4

et £ be d.b.p in [a,b] ,then f iz producible in [a,k] if and anly if | far
any €>0 wa can find a partition T of [a,b] such that
U{E, I} (3
—_— =
L{¥,XI)
Demanstration @
i) If for any e>d there exists a partition I of [a,k] that mests last
inequality, then considering that
I4f,I) £ gupR(f,a,k) = infT(r,a,b) = TU(£,I)
we can assure that

infT(f,a,b) U{f,I} £
1 = = < e
supk{f,a,h) L{f,T}
Theraefore supR(f,a,b) = infT{f,a,b) ;i.e. f is producible in [a,b] .

ZyIf £ is producible in [a,b] then supR(f.a,b} = infT(f.a,b} ,therefore
thera exist two partitions gof [a,b] : I , I' such that :
UL, I) E

L(E.I')

If I" ig at the sams time finer than I and I' then :
LiE, I} 5 LIE,I™ < UF, IV 5 U{f,I)
Therefcra :
OfeE, L") L = 3
£ < @

1z

F(F, i) EiE; T

How we will demonstrate several ianportant properties of thw production of
a function .

A




.E@eoram 5

If £ and g are producible functions in [a,b],.then (£ 3y) is producible in

[a,b] ,and :
b B
ﬁ] (E-g) = %h}ig- ?F g
El a2 a

bemanstration (Iet I be a partition of [a,b] with genaral suhinterval 3 ,then

for any * € & it verifies that : W {f} glx} = Ti{x) gix) s therefare :
m, (m, (£} g) = m{fhmfm <'m (fg) , hence :
L(f, 1) Lig, I} 2 Liqf g, I) [1]
in an analogous way it Dan be shawn that @
Urff-a),I) £ U{L, 1} U{g, I} [2]

If £f and g are producible in [a,k] .then for any e€=0 there exist two
partitiona : I , I' such that :

u{f, I €fz Wig, 1" €]z
< @ — < g
1{f I} li{g,I")
If I" iz at the same time finer than T and I' ,then :
U{E,I") = TUig,I"} oif, I Ulg,I') €
g : < &

L{f,I™ « L(g,T"} L{f,I) Lig,1")

Therefore (conzidering [1] and [2]) @ I{{E-g),Im W, IV Ug,.I") E

= v =z e
Lti§-9). 1" L(£,I") L(E,I")

Kence (f-g) i3 producikle in [a,B] .
And for any I we have :

a
L{f, I})-L{g,I} = L{{f - g).I) = Ef (£ g} Ui q, 1} = UL, I} Ulg, I
b

d
L{f.I}) Lig.I] = (? f}(ﬁk -g) < WL, I)-U{g,I)
iu! u!

U{£, I} Ufg, I) :
—————  and can ke as close to one as we wish,because f and g are
L{£, I} L{g,1)

produaible functions, then :

CER(EHID

let a < b < ¢ ,then f is producikle in [a,c) lf and only if [ is
producible in [a,b) and in [(b,c! ,in such casa :

AR

LY

Theorem &



Demenstration = et I ba a partition of {a,k] ,and let I' be a partition of
(b,c].I" will be a partition of [a,c] consisting of all the subintervals from
I and I'.Than i

L{f,I"} = L{£,X) -L{£f,I") = (£, I} -U{£,I"] = UL, IN}

1)If f ie producible in [a,2] then for ex=0 thersa axists a partition of
[&,&] :IM ,such that : T{E IM) [[th,T} Iurf,:-rl €
P L ) N — { E
L(E,1I") L(£, T3] (Lee,xh))
£

Both brackets are greater than one,then both of the most ke smaller than e
Hepee [ is producibkle in [a,b] and in [b,g]

a

2)If £ is producibkble in [a,k] and in [b,c¢] then for any e>0 there ewiat A
partition of [a,k] and a partitien of [b,e] [I and I' respectively) such that:

UIE,I) €l2 uiE, Iy gj2
= & s - |
L(E,I) L{E.1I"]
Therefore 1 U{f,IM) [Uff,l]] rU{f,I‘]} £
e = . { E'-
L{E,I") Lef, 1] LL(E,I')

This meana f iz producikble in [a,2] .

b c
3] L{E,I") = L(£,I)-L(f,I') ‘EG} f).(?b £l s U(F,I) U(Lf,I'Y = U(E, L")
a

o
L{f,I"} = ? 2 < UL, I")

a
U{L,I™) ) : :
————— can ke a2 close to one as wWe wish,boecause 15 producikble in [a.al.
L(f,I™)

o b [
Thersefore f = ? £ L? p ol [

a a b

a J i
Hoteg: . If we define : e ll‘r( ? f) ,then theorem & will he valid even
= B a
though the following inequality is oot met @ a < b < 2 .
It follows at once from the theocrem 5 ,that if £ is preducible in (a, k]
;then it is producible in [a,x] (¥ is any point from [a,b] ) .

e are now to zalculate the production of a constant < > 0 ¢
let I be a partition of [a,b] with generic subinterval 5.

Then m.(c) = Mge) = o .It follows :
L(8) - L{S) ELE} {b=-a)
Lic,I} = | I ms[t} = [ I [ = g¥ = G
5 e

34




(l=a)

In an analegous way @ Uig, I} =&  and this iz for any I of [a.bk] ,%then
c iz producikle in [a,k] ,and : S}b (b-a)
= [
a

Thiz result was sasy to guess, becanss it agrees with the definition for
production given in the introduction .

Theorem 7

Iet £ ba duob.p. in [a,b] ,then f iz producible in [a,b] if and only if
{1/f) is producibkle there too

Demonstratinn :Let I be a partition of [a,h] with generic subinterval & .
1

i
Cengidering that £ is d.bh.p. in [a,B) = IE-Sff} e e oF T'Esl:fll e
ﬁbfljf} mﬁ{lfLJ
1 I
Then : L(E,I}) w ———m— ; Ui, I) » —
U1/, 1} L{1LfE, 1)
If ¥ i=s producible in [a.k] then for any ¢ > 0 there exists A partition of
ra,bj: I,such that : Ui, I} €
— < &
L{f, I}
Therafore : U1/f,I) 14L(F,I) u(f, 1) €

= a < &

Li1/f,T) 1/U(E, 1) L{f,I)
Henee {(1/f) iz producikle in [a,b].
Te demonstrate the reciproecal relaticn ,we only have to define g-{1/F) .

Thaarem 8
e i ol

If £ is preduecible in [a,b] ,then |_f. j ig producible in je,k] ,and :

S A5 )

Danc-:::a.ilzrati-:un : Let g be producible in [a,k] ,and let B > 0 .let T be a
partition of [a,b].g i pozitive ik [a$b] {because it is producible there) ,
then @ B B | B i
m g | =m(a)  .then Llg 1] = Lig,T)
re ] B
In an analegous way @ Ujyg ,I] = Tlg,I)
O(g, 1) ESBR

< =
Lig,I)

For any ¢ » @ there sxists a partiticn of a,b),auch that:

I a
U 1 (g,I} £ a
Thetefore @  =———eeeee = o= < g Henee |g j ie producible in [a,b)

|r B ] Lig, I}
Tqu .-I

A%




Ard for any T of [a,b] .the Following is met :

[E. ] B b 2} 2 [Es 1
Llg I] = Li{g.:Il) 5 3 q U{g, I} = Ulg 1

=
A
ul
B r I
LS B
s”.1] :
Ulg I
——eee—= can as close to one as we want Chence
5
s3]
= . B
"]
$
a a
) zg=0 . :
b (This 12 valid becanse the
8 [ '1’] ?’ {b=a) production iz definad for d.b.p.
£ = 1= 1 = 1 Tunctlons ,then for any
a A producible function £ we hawve

L{f,I) » 0 ,this means the
(S?h f) o production will be positive too.)
= 1
a

2) @ >» 0 . In this mase we only have to take gq=1 and /B = g .

0 I e g TN 20
= §.145, )"

o
—
3 ]
| Y

]

o
=y
—=

'—h
r'
Ly
el
=]
i
e
=
——
(L]
T
|
-,
ST

Thasrsm GO

Let f be producible in [A,k] ,and let f£{x} z 1 for any x € [a,b] ,then :

.
£ 1
&

Pemonstration :If I is a partition of [a,b] then for any 5 includsd in
1z=m (f)] .therefore : |+]
& 1 £ L(%,I) £ supR(f,a,b) 53 £

- |

Ae



Corallary 1

Let f,g4 be producible in [a,b] ,and let £ = g for every x € [a,b] .Then :

b
B’“fag’g
a a

hemonatration : thearem 7 tellz uz2 that (1/g) ig producible,then thecreom
S agsgures us that [£(1l/g)] = [(£/fg) is producible .
I 2 g therefore (f/g) =z 1 ,then by using the last theoram :

b b b b b
g 5(8 g | 5’3 (Efq)] = [a (£/a)] =S§ £ .
a a a a a

Let £ be produsible in W = [a,b],thean

EB=-a b =g
m (£) =t E = M (F)
IH w

a
NDemonatration : it follows at ance from corollary 1

Corollary 2

Theorem 10

x
TLet f be producible in [a,b] .Then Fix) =? £ is contimeus in [a,b].

=
Demonstration : Theorem & and last corallary assure u2 that F is d.b.p.
for any ax g Lau b,
Let ¢ £ [a;k} .then : ?x
£
: T (x] a x
lim F(x) = F(a}) - lim —— = F{z}' lim e = Pfg)- 1im f
WS x=->a F{a] K-> g-& W= P
£
a

(Ifc=a agr o=h we should take the linit with » approaching o from the
inslde of the interval .)

K=C Ko 4 K= e
It x>0 : m (L) £ m (£} it f <M T = M f
) G SC ‘]::;,tf J ik }
X=C s x b X=C
TE it (£} = M (£] = £ = m f = M £
Y] [ ?c :ujf } {m;f :
X
Therafors g) f can ke as close to one as we wish, when x is aproaching o .
e x
Hence lim g £ =1 jand lim F{x) = P(g)
w-se J o K=
Theorem 11

——

Izt £ be d.b.p. ik [a,iI:j and continuous in the same interval except for a
n:ll content set of pointz .Then f i=s preoducible in [a,b]

i3



memohetration :Tet o ba A point from {a,b)l such that f is contimioue ar o .
Tharn for any € » 0 thers exists a neighborhood ¥V of o ,such that for any
point x € ¥V ,it is verified that :

—£f2 ef2
fio)-a < £{x) < £(c) e
Ef2
g 1&_i~1uff}{f{c:|-e =EE
Bolt! f{c:-a'Efz

Let B be the set of points for which £ is discontinuous,then B has mall

content,this means that there exists a finite collection of clesed intervals :

TJL ,T_Tl,. . "U'k. which cowvera B,auch that £L(II }] = €
0y L

Let T be a partition of [#,b] such that sach 8 of 1 helongs to one of the
following Zets 3

¢, : intervals 5 of I such that SCU,; for soms 1

B, intervals 2 of I such that S B is rmill.

= L({5) L{S) T L(E)
Than : ]_[ F_{f]] 5 ]—-[ Fuﬂ{ﬂ] : Fﬁ*ﬂ?ﬂ] 3£§,
5 e & o S €2 = lﬁgkaffj
[ E-ﬂ—-”}]?md M 8]
o L :|
Mo g ) im oy {5

f S i, then faor any ¥ ¢ 5 there exists an interwval ¥y which contiains x ,
and :

£ £
15£_i e
r’f],
8 iz compact than there exlgf a Tinite number af iptervals IR

that covers S .Lat I'be a partition of § zuch that sach &' of I! 45n1nﬂluded
in some W, othen :

X, hil ' f
Ao
Mo £
Therefore ;
L{s")
U{f, It e M, (£ e L(s') e L(8)
rr————— < | i ] -
L{£,I') r |_11'| {f]] :

r i

s

A8



Hence there exists a partition IM of [a,b] with sublpntervals 8" [ finer than I,
zuch that if 8 « %, :

L:S"]
w(£1] - L[S}
Ty [’9 :
!f}
E{;E
Tharafore : 2 i
LS ] LIS )
U{f, 1" TT !'l‘llhff}] ]—T [N.n:f:
L(E, X" 5 l‘-ngw-[f} (L)
SCoEd, gcsas,
€ E
f£f) € L5} M £) e (b-a)
5 [‘_’r_ﬂ,&,,_] T 3 [_r::a-i_] i
2
uie, I
Then e CEn e az cleose to one azs we wish,consequently £ is producible
L(f, 1)
in [a,b]

Theoram 12

Let ¢ ke continuous and positive in [2,b)] then there exizts a point c € [a,b]
such that @ b (h=a)
jg £ = r{c)
a

Demonstration : Last theorem tells us that f is producikle in [a,h]
,Aand theoram 9 talls us that in such case :

b-a o] b=a
(£} Eg] £f s M (£}

m
Lill'-l a DI“]
Than there exizsts a positive number & such that = {(f) s a =M {(f} ,and :
By b L (ER
a =J§ F
a

£ is continuous ;n [a,b] ,coneequently for any valua o hetween m [} and
HI:'_a"na[f] there existe a point ¢ € [a,b] such that fic) = o . (RS

Tha fullqwing thecrem could be named the fundamental theorem of the
eyponential caleulus, and it will show us the clese relation between the
production and the base .
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Thearam 13
x
Let £ e continuous and positive in [a,.b] then the function F{x) = g f is
a
exponentiable in (a,k) and F~ = f

bemonestration : £ ie continuous and po=itive in [a,b] .then it ls producible
that interval ,and ao it i= in [a,¥] ,for every x € [a,b] :then F is definite
for svery point in [a,k].If ¢ and x are in [a,b] then

it £ = fx) = 1 [IAES

Fiz) © G
3
2
(=)

i
z € [e,x] , X =£f{c} ,and u(x} = [ ]
£{c]

b
I
Fix] F. ﬁx W= =0

How : 1/ 0%~-a3) fi=) 1 o)
Lim peix} m lim = -1im £{2) =
W= x=>a £l fiz) z=>g £io)

= 1

(Ifce=a or ¢ =5k we should take the Iimit [rom the inside of the
interval .)
Hence F is exponentiakle and : F* = £ .

Thecrem 14
L?t. f be producible in [a,k] ,and let £ = g° for some function g in [a,b]
Thefl :

o g (k)

£ =
B gia)

+

Cemonstration :Let T be a partition of [a,b] with generic subintervals :
[(Li o t1] . Theorem & from the base properties tells that for each subinterval i,
there exicte a point x; balonging to that interwval =uch that :
gL, ) F to-ta -t
=g (K} = E{x.)

gl )
Consesgquant 1y 2

b =tiq ity gir ) gk}
(£.I) | i 'l__*rHF:'l{ ) I | (%) I |
i i 1

gl ) g9(al

g (B} gih)
= U(E,I) .Therefarae : L{f,I] = - < U(E,I)

g(a)} gia)
far any T of [a,b] .Then considering that f is producible in {a,b] :

gh J(E)
f =
a g{a)

20

In an analogous way :




The following two theorems will ko very nzeful for calculating productions .
Any function F that satisfies F° = f will be called {exponential) primitive of
T

Theorem 13 assures us that any function f continucus in an interval [a,b! ,
hag a primitive in that interval ,for example :

X
F[H]==?§ o
4

: g g(b) g}b g'
TIf £ and g' are continuous then E = iEpd)
gia) o

Theacrem 1%

Demotatration : IFf F i a primitive of £ then :

j}a{h] '['Ef[h} Flg(k)}  (Foo) (k)
£ = F(x) = ——=—

gla} gl(a} Flg(a)} (Fag) (a)
o ! g
The functiom (F,g) ig a primitive of : [(Fag) = (f g} .
b g’ b [fea) {b)
Consequently i 81 (£9) = (£59) B i o
& a () {a)

Theaorem 16

If £7 and g' are continuous then :

R A7 T S AR

Demontration :If f is exparentiable ard g is differentiable then :
t}]" 9 g
£ = g

Tharefore: SJ: [fg]_ = S}: iEQI' {f':lg] i (?‘: fg.} (ﬁ:(f'jg )
0 . AY

d = |

We are now to sse how to calculate the base of a function if we already know
its derivative,and how to caloculate its producticn knowing its integral .

Tearama 17

is exponentiable at a if and only il ln|f]| is differentiable at a.In such
case i
In(f"} = (ln|£]}°

Denonstration :
17 If f ir exponentiabie at a then £(a} o ¢ ,and there exist a pesitive numnber
L oand a functlion pix) continuous at & ,such that
() x~a 1/ (x=a)
=L - p(x) " lim p{x) = 1
f{a) weA

Zh



f ia continuous at a(bacauzae it is swponentliable there ), then there exists &
reighbarhood of a for which f does not change sign,then :

[L{x) £ix)
in ——] = ln|—==—] = Lln|£{x)| — 1ln|f(a)|
£ (&) tia)
£ fx)
In |- = [(x=a)-lnk + lop(x] = (w=a)] £ + 7(%)
 fia)
{ § =1k ,y w(x) = lnp(x) )
(%) . [ 11{:-:-&}]
Ard lim = lim Injulx) = 1lnl =0

X==3a X = a M»—ra
Therefore ln|f] is differentiable at a and : (In|£|)'fa) = § = Ink = In{f"(a})

2] 1n)g| is differentiable at a then ther ewist a number & and a furot ion
vix) continuocus at a such that :
Tix)
In]f({x)| =~ ln|f{a)| = (x=-a) & + W(x} p 1im = @
=38 X - A&

Because of 1nlf| differentiability at a.f is contirnucus amd nonzero at a .
Then thare axists a nelghborhood of a for which f does not change sign |, in
that neighborhood : %) | fix)
1n|£(x) | - 1n|f(a}| = 1n = 1n
£(a) |

f{a)

[ & (x-a) ﬁ{x}] [ ®=3 ]
Inffix)]| - Injf{a)| n e - = 1lnjk ¢ {a)

& TR
(L =a .,y uwix) =e ]

Therefore : £i{x) x—a
=) plx)
f{a)
1/ (x=a) wix) S (w-a) ]
lim  p(x) = lim @& =p = 1
B==3 K==

Consedquently F is sxponentiable at a and @
L
i
In(f {a)) = 1nt =lr||_e:| =& = (In]£|)'{a) y

jhﬂnrem 1A

f 1s preducikble en [a,k] if and anly if Inf is integrable in that interval,
in such case : b b

I £ =
a )

fWe write Inf in the place of In|f| because we have cnly defined production
for pogitive functions .}
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Demonstration We will reed some dofinitione .Let T be a partition of [a.b]
with generic audbinterval 8, than :

H{f L[} = E HL[f}-L{S] E(E, I} = E Hﬁ{r}-Lij

5 =5

The logarithm function has alwayas a positive slope,then if f is positve in
aome interval ¥V : m (lnf) = lnm‘ff} P M {Inf} = lnHiEf}
Therefore : o ¥

5 2 5 a4
H{lnf,I) = m_{lnf)-L{5) = lam (£)-L(8) = In|m, (£)

5 2| &

Lig)
= 1n| | m [ £} = 1nL(f,I}
=
5

In an analogous way we san show that ¢ K(lnf,I) = 1nU(E,I)

1} If £ ig producikle in [a,k] then for any ¢ > 0 there existes a partition
I cf [a,b} such that :

UrF,I) £
< &

L(E,I)

FU(E,I)
Therefore : K(Inf,I} = H{lnf,I, = 1nU(f,I) = 1InL{E,I} = 1ln N

L{f, I}
Consequently Inf i= integrakle in {a.h] .

2] If Inf is integrable in [a,k] then for any ¢ > 0 there exists a partition I
af [a, k! such that :

K{lnf,1} = HI(Inf,I} < €

Then @ Ui{f, k] 1At (E, T} =~lnL(f,I) EilnT,I)~H(inf, I) £
= g = [ =] L ]

L{f.T)
Congequently £ ia producibkble in [a,b?
It £ is producible im [a,0) then :
b

InL.{£,I) = H{lnf,I} < 1nf < K{lnf, I} < lnU(f,I)
=1
[+
1nL(f,I) < 1n £ < 1nU{f,I)
a2

L(f,I}) can be as close to U(L,I} as we wish ,then :

b b
In f = Int
a a

(£



We are now geing to ses as an example, the production of some simple
functions:

Bodw b-a
0 L=

a

b [ a .&]dx b dx\o B odx\e
L) -gix) = £ ] g
& d

a
B dx x| x Tk B =-a =(bh-a}
X o 0 =b-a ‘@&
& a
g ¥ x bk b (@) —(b-a)
{¥+o) L ] = (b + @) lfa 4+ a) -
= At

a
]
a
b
a

)
)
F
Job- 0§ oM e LM

a ¥»ab 2 b
ot T T ] h+la=-1|b -1 =2 (k-a)

= L e — i

7 8

- g [ (B a b=-1a+1 [ 2 la
& =Tk

Later we will see the production of a polynomial with corplex zerus .
But new wa will study the behavicr of the base of an  important function .

When ¥ ig a natural number ,the gamma function can be calculated in the

fellowing way : i
W elae
Plx) = (x=1)! = | ] n = g{x}

i
n==:

g(r) iz a stepped functicn,that for sach x ,assumes the value of the higher
natural number, equal or lower than x .By now we may presume that the base of
I'is a function similar to g(x).

5 Wi e
P
4 - e o
%+
Z+
14
|: "I-"—"“-""‘-l-"-"—' s B L1 { M— _1;'
o b % % 4 & -



B¥ using the Stirling farumla ,we can approximate (for large values of x j
X
Pixtl} =42 7 x (Xfa)

1/{2x)
Therefare = (T (x+1l))" = a 'K
/%
On the other side @ (F{x+1))}” = (2 DT(x))” = @& ST (%)
=1 {2x)
Consequantly I''ix) = e ‘X

The asymptote of this functien is r(x} = x-1/2 , because

[ -1/ (2%)

= X - rix)| =0
=2 : g

1im [EE_II[AHJ HJ - r*fr}] =
- -

And as we have supposed, r(x) iz the best approwimation for g )

5




Supposa that f is an ewxponentiahle function,and @n iz the base of f£.Then the
base of the kase of f iz going to be called :the 2ccond crder base of £.Th an
analogona way we can define the nth order base af £ .

Supposa that f iz three times exponentiable at a.Then we can define the
fellowing functicn :

2 [ 3
(x=a) (x=a)

y  ¥X=a . L 2! % L H
gfx) = f{a) £ (a) - E%(a) £ ()

{ where F*{x} is the base of £~ (%) ,and £*(x} is the base af £ [} }

It sasy to show that the first,second and third order bhases of g a8t a edquals
the bagea of £ .For this reason we may suppose that the function g iz a good
approximation for £ near the point a.If we want a bebtbter approximation for

I,we could add more factors to our product .This is not alway possible because
f could not he exponentiable all the tines we wiali .

How wa ara going to give as an example ,an exponential approwimation for the
function £{x)} = coz(x) .near the point ¥ = 0 . Congldering that
2

£7Tx) = expi—tan{x)) £2%) = ewp(=1 = tan {¥))
(Thase hases are very easy to demonetrate if theorem 17 i= applisd )
Then : £r0)] = 1 & £9[0y =1 f: - "1
Therefore [
X
X ;

£ix) = £40) £7(0) -E“%G;

Tt iz Intresting to observe that if we integrate cos(x) and our awpanential
dpproximation,we obtain the following :
x 21
“x
expl— dx = ain{x)
= |

The maximum relative error hetween this integral and sindx) in the interval
[-1,1] ie 2% ,this let uz appreclate the guality of ocur expeonential
appraximation .

These exponential approximations are wery sirilar teo “he Taylor sums,for this
reascn, they could be called "Tayler products o .

(A"




ABOUT THE CALCULUS STRUCTURE

Up £o now vou should probably have notloed that the base and the

derivative have many similarities ,and the same happens with the producticn
and the integral .Here wa will try to generalire thess concepts [ to achisve
deeper knowledge about them .

Let A ke the set of all the real functions with real domain .Then we can
censtruct an Abslian group ,joining this set with the addition oparation
t{A,+) ,as a proof ,we see that : the sum of two of these functions ,is
ancther functicn
from Arthe sum of these functions is azeaciative and gommukative | thers
éxists a neutral function (the null function ) ;and %nr evary function F
helonging to A there exists a simetrical function £7 that belongs to A teo. |

& m =F ).
This group (A,+) strocktures itszelf in a vector space over the body of the real
numberm K, through the (extermal composition law ) product @ (&, + K, w*)

as 4 proof | wa ssa thhbt
If £ belong2 to A ,and & belongs to K then £+a belongs to A; the following
distributive laws ara wvalid : f*{a+f) = Fratf2R ;{frg)va = Frotgva (o,
baleng to K; f,g belong to A ) .the mixed associative law is valid
E*{oef} = (f*x)*3 ;and the neutral element for the scalar product remains
nautral for the external product : f%1 = £ (1 belongs ta ¥ and f kelongs to
A

it B be the zet of all the poaitive functions: with real domain .Then we
can construct an Abelian group | joining this set with the product
aparaticn: (A, ¥) a8 a proof ,we see that : the product of twe of these
functions ,is
another function from B;the product of these functions s associative and
commatative ,there existe a neutral function {the unity function );and
for every function f kelenging to B there exists a simetrical function £P
that balonge to B too. ( £% = 1/f ).
This group (8,%) atructonres itself in a vestor space over the body of the real
mnumbers K, through the (external camposition law § expenentiation :{B, % ¥, "),
a8 a proof ,wa sae that :
If f belogs to B,and o belongs to K then £ e belongs to B ;jthe following
distribuive laws are valid: f#{a+f)] = féa~f*B ;(f+g) a = f arg a {a,B belorg
te k 7 £f,g belong to B ) ;the mixed associative law is wvalid :
£ (e*R) = {2} B ;and the neutral element for the scalar product remains
neutral for the ewternal exponentiation : £71 = § (1 belongs to E and
f belongs ta B .

Let's see the derivative definition feor functions beleonging to (A, +, K, *)
. fix + h) = i)
£'ix) = lim — = 1lim {L{xth) + £7(x}) * {1/n)
h-@ h b=

a
( £,£',f belong te A ;and x,h belong to ¥)

How ,lat's gag the basze dafiniticn for function kelenging to (B,*,K,")
fix + h)1/n
I7{x) = 1lim [

h=>0

il = lim (£{x+h} * £'(xy) * {1/m)
(3} h=>0

( £,£7,0" beleng to B ;and x,h belong to K|

q



Haw it is easy to see that the base and the derivative are the same
transformation ,but performed in different spaces .The same ocurrs between the
production and the integral .

Trn other words we have moved the caleculus structure freom cne space to anothar.
That is why the base and the derivative propertiss are =o saimilar .

It 1s easy to see that there exists an isomorphiam between the twe spaces,and
this one is the exponential function becausa @ exp{o*f+E*g) .

=exp{f] "etexp(g) "B .The lart thearem ,the one that relates the basze with the
derivative and the productien with the interval was based om this .

Nething stops us from thinking that the caleulus structure can't be moved to
cther spaces ,with different szets of functionz ,and different composition
lawe.

For example ,in a vector space of functions @ (L, 5K, B) ,Where (C,&) is an
abelian group for which for any function £ beleonging te O there ewxists

a sirmetrical function fg',related to the operation & . We can associate
fer every functlen £ in © ,ancther funotion :

£x) = lim (E{x+h) & £ (%)) @ (1/h)
h==0

[ f,fﬁ,fa'helnng to C; and ¥, h helong teo E)
It im evident that some of the requirsmants neaded for the wvalidity of the
definitien above,are : that the functicns bkeleonging to € have their domains
ingluded in the body K ,and that the limit definition maket sense 1n this
SBpACHE.

As an exanple we are going to move the salculus to the space: (D, *,C,7)

O 1s the =et of all the functions with complex domaln ,applied in the all the

complex plane ,except for the peint zerc ,and € is the complex body .+ is tha

complex product ,and © is some univalued determlnation for the exponentiatior

How we will caleulate the producticn of a polypomial with complex seros that

was pending : : ;
1

? L . v of L
[ d é _ j? . e (kg idhl i %f dm
B et S e B S D I }r,-\ jx-l}

! [

(5 () T HErT)
et

-2 {wt+arccotgix)) [ 2 ]:-: “

E

= e -lx Rl
o

= 1.30d

Even though there were complex partial results it was presumable that the
final result was going to ke real,because the production we wanted to
calculate was a Teal cne .

(4]




